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I. GAUGE INVARIANCE

Using Maxwell equation [3]
V-B=0, (1)

B can be expressed as a the rotational of a vector poten-
tial A:

B=VxA (2)
Therefore, by employing Faraday’s law

L 9B . 9A

and therefore the last term, which has zero curl, can be
expressed as the gradient of a scalar potential @,

L 94 ,
E+or=-Vo=E=-Vp——. (4)

Thus we have (E, E) expressed in terms of the potentials

-,

A = (p,A). We can also write the potentials as a four-
vector {A*}, where p = 0,1,2,3, and A° = ¢.

It is also noticeable that the potentials are not unique,
two sets of potentials can give the same electromagnetic
field. As a consequence of V x (Vu) = 0 (where u is any
C; function), the vector potential:

A" = A+ VA, (5)

gives the same E, but this changes E, thus we have to
transform ¢ accordingly:
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Hence, the transformation:
o, A
YT o (6)
A=A+ VA

leaves the electromagnetic fields unchanged, and there-
fore it is called a gauge transformation of the electromag-
netic potential.

II. DYNAMICS OF A CHARGED PARTICLE IN
AN EM FIELD

We will now show that, in classical mechanics, the dy-
namics of a particle with charge ¢, and mass m, can be
described by the potential [2]

V=qp—qd-7, (7)
or using relativistic notation
V=Jra, (8)
where
JH=(g,99),  Ap =047 (9)

and we used the diagonal Minkowski metric 7,, =
[1,—1,—1,—1] This is indeed the potential if it leads,
through the Euler-Lagrange equations, to the Lorentz
force, and the Lagrangian is then given by

1 o
L:T—V:§m172—q<p+qA-U. (10)
For the x component, one gets
OL oo 04 oL
=g, = Ay = py, (11
Oz qal‘ +qa$ v, vy MUz +qAz = Pa, ( )

and thus the canonical momentum is no longer muv, in-
stead it is

7=mi+ qA. (12)

Now, deriving with respect to time the second equation
in (11),

d oL dA,

2T =m0 1
dtov, e TG (13)
applying the chain rule to the last term,
dA, 0A, 0A,
- i, 14
TR ST (14)

and substituting in the Euler-Lagrange equation, one fi-
nally arrives at

i = — 8£+8A:,3 n 04, 04, ot
»= 79 B ot N\ Bz oy )Y

n 0A, B 0A,
q ox 0z

)vz = qE; + q(Byvy — Byv,) =

= q(E +7x B)

xT



And equivalently for the y and z components, we obtain
the Lorentz force, as expected.

Therefore, the potential stated in Eq. (7) is correct,
so we can proceed to obtain the Hamiltonian through a
Legendre transformation

. 1
H:Zpi.qi—Lzzimvf—l—qga, (15)
1 3

which after substitution from (12), leads to the Hamilto-
nian as a function of p and -

1, 2
H= %(p—qff) + gep. (16)

For quantum mechanics we only have to substitute the
quantities p'and Z by their quantum operators:
5 b,
= a7)
T — I,
which satisfy the commutation relation [z, p] = if, and A
and ¢ also become operators, as functions of the position
Z and time. Thus the quantum Hamiltonian operator can
be written as

2 ~
=5 A)" +qp. (18)

III. SCHRODINGER EQUATION

The Schrédinger equation is given by [6]

ov -
th— = HVU, 19
5 (19)
so we only have to substitute in it the Hamiltonian that
we have just obtained, but we now that the canonical

momentum p acts like %V in position space, thus

1 [(h 2\ 2
— (.V—qA) +qp
2m \ ¢

v
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5 v (20)

But as we saw in Section I, the potentials were not
unique, and we could use another pair (¢, A’) that re-
turns the same fields (E, B). So we ask ourselves if by

using
1 (h _.
Py (‘V—qA’) +aq¢'
2m \ ¢

L ov’
ih % =

v, (21)

we can get the same wave-function ¥’ Z W, The answer
is no, since we get a shift in phase, but we still obtain the
same probabilities, and expectation values, as the phase
gets erased when the wave-function is squared. Now, we
will see that the wave-function transforms accordingly as

U= Pelihet), (22)

when the potentials transform as written in (6). It is
important to notice that this transformation depends on
the position and time through the arbitrary function A.

IV. GAUGE INVARIANCE OF THE
SCHRODINGER EQUATION

‘We will denote by U the unitary transformation
e'n M@t hence W' = UW. Then, by expanding the
Hamiltonian (18) [6]

]. = — — = —
Hzfm ﬁQ—qp-A—qA-p+(qA)2}7 (23)

and since 7 and A do not commute, by acting with p'- A
on a generic wave function ¥, one obtains

. B .
ﬁ~(A\I/):;(V-A)\I'+A-ﬁlP. (24)
With this result, the Hamiltonian can be rewritten as
. 1 [, h _— _—
H=co— P —q7(V-A) =245+ (¢4)°) . (25)
m 1

Now, we are going to study the covariant derivative
IT = (R/i)V — qA:

E A r_ E Y _
(FV—agd)¥ = (2V —gA)UW =

h h .

= (VO)¥ + U=V¥ — g AUV — g(VAUY =
h

=U(5V - gA)W.

As can be seen, if we transform both the potential and
the wave-function, this derivative remains the same, and
this is the one that appears squared in the Hamiltonian
(18). Then, we only have to see if the rest of Eq. (20),
1hdy — qy is also covariant, where we have moved the gy
term to the other side of the equation, that is

0 Nyl [ 0 _ _% _

(heay =)V = (ihg —alp — 50))UY =
.0

:U(zha—qga)\ll

One concludes that if both the potentials and the wave-
function are transformed, Eq. (21) implies (20), and
hence the Schrodinger equation is gauge invariant. Since
the phase change does not alter probabilities nor expec-
tation values, the resulting physics remains the same.

V. APPLICATION: LANDAU LEVELS

Imagine we have a particle with charge ¢ and mass m
confined in a plane (we ignore the z direction), and a
constant magnetic field B = B3 is applied along the z
axis [6]. We can describe this field with the vector poten-
tial A = (0, Bz, 0), because by applying (2) we recover
our magnetic field. Therefore the Hamiltonian, using Eq
(25), reads

N 1
H= om [pi +p§ — 2¢Bzp, + (qu)Q] . (26)



But, as p, commutes with the Hamiltonian, [p,, H] = 0,

because there is no y dependence in H , the eigenfunctions
can be written as ¥ = ¢ (z)e’*v¥, which gives

N 1
HY = 2m [(hky)Q +p7 - 2qBxhk, + (qu)Q} =

1
=5 [p2 + (qBx — hky)?] ¥

2 2 2
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After renaming wg = ¢B/m and zy = hk,/(¢B), a har-
monic oscillator in the z direction results. Therefore it
has solutions |n,) with energies E(ng, ky) = hwp(ng +

1) = E,, that do not depend on k,. These are the Lan-
dau levels. The characteristic length scale is the oscillator

S|

B
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FIG. 1. Landau levels (Classical orbits)

length
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d mwp qB B (27)

where we have defined the magnetic length (g, so we can
rewrite zo = k,l%

By using other gauges, we would have obtained the
same energies with different eigenfunctions, but they
have to comprehend the same eigenspace, which has
a high energy degeneracy (there is an infinite degener-
acy in k, for an infinite system). For example, with
the potential A= (=By,0,0), we would have obtained
eigenfunctions with plane waves along the z direction.
Or else, we could have used a more symmetric gauge
A = B/2(—y, z,0), which reproduces the classical circu-
lar orbits, with the same frequency wpg, but they are now
quantized.

VI. LANDAU LEVELS: FINITE SAMPLE

In the last section we considered that the particle was
confined in an infinite plane, now we will study a 2D,

finite system with lengths L, and L, along directions x
and y, respectively, with sides starting at the origin of co-
ordinates [6]. In addition, we impose periodic boundary
conditions along the y direction, so that

2mn,
L,

etkvy = ethuWtly) — = . (28)

Then n,, is restricted to be i, > n, > 0, because k, has
to be positive in order for xzy to be positive. and there
is a maximum value 7, because there is also one for zg
when zg = L., that is

Ny = {LzLyJ, (29)

27l

where |z| indicates the integer part of xz. This n, is
in fact the number of states with the same energy (so
identical Landau level) that fit our finite sample. And
therefore it is also the degeneracy of the Landau levels,
which is the same for them all (it does not depend on

This degeneracy, in terms of the area A = L, L
then of the magnetic flux, reads

e TR

where &y = 27/1/q, with ¢ being the absolute value of the
electron charge, is called the flux quantum.

y, and

VII. PROBABILITY CURRENT OF THE
LANDAU LEVELS

The probability current density in quantum mechanics
is given by [1]:

. 1,
Tt = 5- [1/) (2V — qA) + c.c.}
m L (31)
= — *(p— A’
— Re{y" (7~ Ay},
and it enters the continuity equation
op -
el . J = 2
En +V.J=0, (32)

where p = |¥|2, which states the conservation of proba-
bility [ pdz = 1.

The continuity equation can also be rewritten, more
compactly, in relativistic notation

OuJ" =0 (33)
as a conserved current, where J* = (p, j)
Now we will substitute in these expressions the eigen-
states of the Hamiltonian that we have obtained previ-
ously.



A. Eigenstates in the Landau Gauge

The normalized eigenfunctions can be written as
Uy ok, (2,9, 1) = e_iE“wt/hw(%y),
U(,y) = ™ gy, (€ —20)
where zo = hk,/(¢B), and
1
on(u) = \/W
are the harmonic oscillator eigenfunctions [1], and u =
(x — x9)/lp, although, for the sake of simplifying the

notation, we will be writing ¢, (u) = @, (x — x) or
just ¢, with the implicit argument and length scale

lB = \/h/mwB.

(34)

e~ /2 H, (u). (35)

B. Current Density for a Single Landau State

By using
—qAvy = (0,—¢Bz,0)1,
iZ Y= .q ) (36)
Vi =e yy(aac@nmv Zky@nma 0)7
we obtain
- (‘D2
gk, (T,9) = —"= (0, hky — gBx, 0). (37)

This shows that the probability current flows in the y-
direction with a local velocity proportional to (hk, —
gBx)/m, and that its divergence vanishes, therefore,
from the continuity equation (32), &;p = 0.

C. Superposition of eigenfunctions in the same
Landau Level

Let the wavefunction be a generic superposition of
eigenfunctions, with equal n, and therefore with equal
energy, that we have found with our gauge

Uy, (2,y,t) = e Prt/hNY "y ety k) - (38)
ky

where Zky ek, |? = 1. Although by replacing the sums
with integrals we could have obtained the alternative solu-
tions derived with different gauges, the discrete approach
is valid to show that these states preent a stationary
probability current. The interference between different
k, components yields cross terms ¥}, (h/iV — A,

-

that lead to current densities J(z,y) = (Jz, Jy,0) with

I3 , / ’
Jo=Re{ =2 3 cp, ey e HI g, 000§
im v ‘
Yy

: '\, hky, — qB (39
J, = Re Z%CZL ez(kmm%qx@;@%gﬂ ,)
ky k),

This expression contains interference terms with wave
numbers k, — k. The case with only one non-zero co-
efficient ¢, = 0y, 4 retrieves the result from the former
section.

D. Stationarity Probability Current

All Landau modes share the same energy E,, , so the

probability density is time independent

)

o itk k) (kD)
pley) = 3 e,y BT )
ky K,

so dyp = 0, and by the continuity equation V - J=0.

It could also be shown computing the divergence of
J directly, and this result implies that all eigenstates of
the hamiltonian with an energy E,  (for every gauge),
has a stationary current, which makes sense since they
are eigenstates of H and thus stationary states, which
means they do not have time dependence.

VIII. PAULI EQUATION

If we introduce the spin degree of freedom for a spin-
1/2 particle, the Schrodinger equation

becomes a matrix equation for the two-component Pauli

spinor
XT)
X = . 42
& )

Intuitively, H must be a 2 x 2 operator acting on a two-
component column vector. In the absence of electromag-
netic fields the momentum operator is justt p = —ihV,
and one may write the matrix version of the free Hamil-

tonian for the scalar system as
A= (65 ) (43)

= —|(0 - o - s
o p p

by using the Pauli identity [6]

(G-a@)G-b)=(a-b)l+id-(axb), (44)

and the fact that p x p = 0,, Eq. (43) is just H =
p?/(2m) 1.
In the presence of electromagnetic potentials we re-
place p by T =p—q A, and H by H — qp to obtain
~ 1
Notice that [m;, m;] # 0, since the p and A vector opera-
tors do not commute, therefore one finds [6]

7x @ =ihqB, (46)



so that the expanded Pauli Hamiltonian Eq. (45) reads

p—qAP qh . s

I;[Pauli =
Finally, by using the relationship between magnetic
dipole moment f and angular momentum, [ =
9q/(2m)S, in this case the (intrinsic) spin angular mo-
mentum of the particle S = (/i/2)G with g-factor g = 2,
the previous equation can be rewritten as

A A2 - R
M_N.B+qu’ (48)

-HPauli =
showing explicitly the interaction energy of a magnetic
dipole in an external magnetic field.

We will now use this equation to study the Landau
levels but for a spin-1/2 particle, in the non-relativistic
limit.

IX. LANDAU LEVELS FOR A SPIN 1/2
PARTICLE

Since ¢ = 0 and B = (0,0, B), the Pauli Hamiltonian
reduces to:

- (p—qA)? qghB (h — qA)> .
H:( Qm) —2m 0, = 2m) —wBSz. (49)

The first term is the orbital Hamiltonian fforb (identical
to the scalar Landau problem we solved in V), and the sec-

ond term defines the spin Hamiltonian ﬁspin = —wgS,.

liherefore, the total Hamiltonian splits as H = Hqp +
Hgpin (it is separable), so the eigenstates are tensor prod-
ucts |ng, ky,e) = |ng, ky) @ |e), where e =1, | indicates
the eigenstates of flspin,

~wpd. | 1= -T2 | 1), (50)
—upbe| 1y =2, (51)

that shift each Landau level up or down in energy by the
amount Fhwp/2 (see Fig. 2).

Energy

A

FIG. 2. Splitting of the nth Landau level by the Pauli term
—wBS-.

Putting both contributions together, the total energy
eigenvalues are
hwp

Notice that this shift is the same for all landau levels,
since it does not depend on the orbital quantum num-
ber n,, and it also coincides with the energy difference
between Landau levels hwp, so in this new system with
spin, we have a fundamental level that is alone, and all
other levels that go in pairs, for example, |0, k,, —) has
the same energy that |1,k,,+), thus we could observe
a current between these two levels as the energy is con-
served, which means a current between two different spin
states, a phenomena we will discuss later in section XIV.

X. PROBABILITY CURRENT FOR A SPIN-1/2
PARTICLE

A. Probability current expression

The probability density of the spin-1/2 particle is p =

x"x, where xT = [xfx]] is a row vector, and its time
derivative gives
dip = X" Oix + (9ix") x (53)
1 . .
=[x Hx - (XHXTﬂa (54)

where, in the second row, we used the Pauli equation (41)
and its complex conjugate equation, and the fact that H
is Hermitian. Next, we substitute H = (52/2m) —wpS.

to get
1 ~2

XM orx + (9T x) = . {xfg—mx —c.c.|. (55)
because the spin term cancels. Finally, we use the equal-
ity &= (xTp%x —c.c.) = V[xTpx + c.c], to recover the
same current density as for the spinless particle (31):

ap -

— +VJ =0, 56
ot * (56)
where the probability
Re [xpx] /m.

current density is J =

B. Substitution on Landau Eigenstates

For the Landau-level eigenstates |n,k,,?),with spin
components x = (x+,0)T and x4+ = |n, k), the current
density reads

| .
J=— Re{x'[2V — qA]x}, (57)

where Vx = (Vx1,0)7 and gAxy = ¢Bz gy, so that
[h/iV — q/_f]x, matches formally the equivalent expres-
sions for the scalar case (see Section VIIB), and the
probability current for the spin-1/2 Landau problem is

the same as in the spinless problem.



C. Superposition of Spin Components

We now consider a generic two-component spinor of

the type
Y= Xty _ (& 105 Koy )
X4 co |y, ky) )
with the normalization condition |c1|? + |ca|? = 1. Since

there are no cross-terms in the current, each component
contributes independently, and

T=leP Jy + leaf 1, (58)
where, exactly as in the scalar Landau problem,
J = @7212 (x - xO(ky))
T= # (

%21; (95 - xo(k;))
m

0, hk, — qBz, 0),  (59)

J, = (0, hk}, — qBx, 0).  (60)
Therefore, the currents simply add linearly, whith the
factor ¢; squared, which makes sense as we are dealing
with probabilities. If instead we take a superposition
over different k, for each spin component, we recover
again the same interference-current structure derived in
Section VII C for each spinor component. Also, V-J =0
as expected for stationary states. jj

XI. DIRAC EQUATION

In relativity the energy—-momentum relation is [6]
E? = (c¢p)? + (mc?)% (61)

We seek a linear operator equation of the form (c@ - p +
Bmc?)? = (cp)? + (mc?)?, where @ - p = a1p; + azpy, +
a3p,, and the matrices must satisfy

o =p%=1, (4 constraints),  (62)
a0 +ajo; =0 (i #j), (3 constraints), (63)
a;f + pa; =0, (3 constraints).  (64)

In total there are 10 algebraic restrictions (plus Hermitic-
ity) on the matrices «;, 3.

EXPLICIT CONSTRUCTION OF THE DIRAC
MATRICES

It turns out that the algebraic constraints require at
least 4 x 4 matrices. One convenient representation is

[6]:
a= (g (g)7 ﬁ: (]120><2 ]102><2>’ (65)

where & = (01, 09, 03) are the Pauli matrices and Toyo is
the 2 x 2 identity.

One checks directly:

~ 2
8% = (1 0A> = 1y, (66)

0 -1
{Ozi,Oéj} = OziOéj + O[jOéi = 25” ﬂ4><4, (67)
{Oéi,,B} = o; 8+ Ba; = 0. (68)

Thus @ and S satisfy all required anti-commutation and
squaring relations.

We still have free parameters, so the pair (@, ) is not
unique.

Finally, the Dirac Hamiltonian takes the compact form

I;[Dirac = C&-ﬁ+ﬁm02. (69)

The Dirac equation in the presence of electromagnetic
fields with usual change p — & = p — qA:

Zhat\:[l = I:IDirac \117 U= (22) )

ﬁDirac:c&'ﬁ‘FﬁmCQ-i-ng.

(70)

Where x and ¢ are Pauli spinors, so the wave-function
has four components.

XII. PAULI EQUATION FROM THE DIRAC
EQUATION

We now intend to derive the Pauli equation as a non-
relativistic limit of the Dirac equation.
In component form one obtains
ihdyx = cd - P+ me?x, (71)
ihowp = c& - px —mc? ¢. (72)

Assuming energies near the rest mass, set F = & + mc?
with £ < mc?, and solve for the “small” component:

X- (73)

(pc < mc?), in the non-relativistic limit, which implies
(¢ < x) Substituting back into the upper-component
equation (71) yields

(7
Ex=—"x 74
X =" =X (74)
which is the Pauli Hamiltonian (we ignore the second
equation (72), since ¢ is small), so we conclude it is in-
deed the non-relativistic limit of the Dirac Hamiltonian.

XIII. PROBABILITY CURRENT FOR THE

DIRAC EQUATION

As in non-relativistic quantum mechanics, the proba-
bility density p = ¥TW¥ = |¥|2, so that

Orp = (VW) = (9,91 W + TT(9, ). (75)



From the Dirac Hamiltonian ih 0, ¥ = [c¢&-p+3mc?] ¥
we have

OV =—Llca p+pBmc?] ¥, (76)
oVt = +Li[c(@-p)t + Bme?]. (77)

Since (a@-p)f = @ p (the o’ are Hermitian) and gt = 3,
substitution gives

Op=—L[U(ca p)¥ — (ca p¥)iv]. (78)

Using p = —ihV and (p¥)' = +iAVT which implies
Vi = —V, one shows d;p + V - J = 0 with

J=cUlaw. (79)

Thus the Dirac probability current is J* = Uiw, J =
cUT@W. This is shown easily in relativistic notation, and
defining

v =(8,7°d) (80)

~ We arrive at the continuity equation (33) with J* =
U~V with the adjunct spinor ¥ = ¥T~0 (see [5]).

XIV. PAULI CURRENT AS A LIMIT FROM
DIRAC
Starting from the Dirac current jDiraC =cUTa U, write

the Dirac spinor in two components: ¥ = (Z) , so that

jDirac = C(XTa¢T) (g: g) (;ﬁ) = C(XT5¢+¢TEX)
(81)

In the non-relativistic regime we have (73) ¢ =

FEB oy~ SRy with Eame, 4 ~m

and similarly for ¢. Substituting gives

JE t(= +
7 0P o-p) .
JDirac ~ XT g X + X ( _) X (82)
2m 2m

1 h
_ 1 to N -
- Re{x"px}+ 5y VX (x'ax).  (83)

Here we used the identity 0,0, = i€;;,0% + 0;5, and using
the chain rule for the curl term you recover the former
expression. Therefore, with electromagnetic fields 7 =
%V — q/f, the Pauli current reads

- 1 - h .
Jpauli = oo Re{x'[2V — qA]x} + o V x (x'x). (84)

To read more about this extra term, see [4]. You may
have noticed we did not use this term when computing
the Pauli current for the Landau levels, in that case it
did not matter as the stationary states were eigenstates

of S,. Moreover, this term does not contribute to the
divergence V - J, since V - (V X é) = 0, and should be

understood as a current between different spin states in
a fixed position ¥, therefore it does not carry probability
from a point in space to another.

The way we derive the probability current in section X A
is incomplete, since we can sum the rotational of a vector,
and get the same continuity equation. Hence, is it only
possible to obtain a well-defined expression, taking the
non-relativistic limit of the Dirac probability current.

XV. HALL EFFECT

We now have a magnetic field in the z-direction and
an electric field in the negative z-direction:

B=Bz2  E=-E3.

Choosing the gauge potentials

A =Fz A'=0, A*’=Baz, A3=0,
so that A* = (A%, Al A% A3) = (Ex,0, Bx,0). This is
called the Landau gauge .
The Pauli Hamiltonian is
2 -,
G- p—qA)? h =
g 7r) +qA0:(p q4A) —q—E~B+qAO.
2m 2m
(85)
Substituting A = (0, Bx,0) and A° = Ex and restricting
to the zy-plane (p, = 0) gives

HPauli = m

~9 h —aB 2 h
Dot (by—aB2)” b g g (s6)
2m 2m

HPauli =

Since [f[pauli, py] = 0, eigenfunctions can be chosen as
W(r,y.2) = x(x) Y s,

Ignoring the z-direction (k, = 0) and confining to the
plane yields

(a,y) = x(@) e,

The total Hamiltonian separates as

H == -Horb + ﬁspin- (87)
Explicitly,
A2 52 21p2,.2
: bz Py qBx . ¢ B
Hor = 5 a__ E P
T om + 2m m Pyt 2m +abr,  (88)
Hspin = —WwB Sz- (89)

Since [I:Ipauli,ﬁy] =0, we set p, — hk,. Then

A 21.2
2Rk L 4B —qBhk, ¢’ B

ﬁor =
"7 om 2m m 2m




Completing the square in x:

~9 2 2
- i 1 ( mE) mkE hky
Hyp=-"2+—(gBxr—hk,+ —) — .
b T om + om \ 17T vt B 2B2 B
(91)

This is a shifted harmonic oscillator plus constant offset,
whose eigenvalues and eigenfunctions follow immediately.
Setting

__hk, mFE

o = qB qBQ'

The orbital eigenstates |ny, k,) thus have energies

)

This looks very similar to the results we obtained for the
Landau levels, but in this case the energy does depend
on ky.

mE?

hkyE
22 '

B

1
2

Enm,ky = hwp (nx +

The spin Hamiltonian Hypin = —wpS. has eigenvectors
In) (n = +1) with eigenvalues

hwp

2

Hepin [n) = —n 7).

Therefore, the total eigenstates |ng, k,,n) satisfy

hky E
B

hwp mE>
2 2B2

+

ﬁ‘nmkya"ﬁ = {th(”z-F%)—Tl :| |nw7ky777>

So we get the same that for the Landau levels, the spin
splits in two the energy levels at the same distance (fiw)
that the intervals between n, levels, and again we have
a fundamental level that is non-degenerate.

XVI. PROBABILITY CURRENT IN THE HALL

EFFECT

We now study the probability current of an eigenstate
[Nz, ky,n) in the Hall configuration. The Pauli current is

-,

g — gA]

7

o 1 h .
Jpauli = ooy Re{x'[ X} + %V x (x'ax). (92)

For the state,
x = <wnr,8y (SU)> 7 "/Jnx,ky (:C) =0, (CE _ xo)eikyy7

only the upper component is nonzero. Thus

vy = 2w ow, v, 0)
= ?wni (= 20) (Orpn,, ikypn,, 0),
and
ax'Ax = (0, gpn, (z — 20)* Bz, 0). (93)
Taking the real part,
Re x'[2V — ¢A]x = (0, hik,p2 —qBay? , 0). (94)
The spin-magnetization density is
X'ox = kon, (@ — x0)*. (95)

Hence its curl is

QD o

=i0,(¢2) — jOu(2)).

(96)
‘But the first term is null, thus V x (XTﬁx) =— 0, (goflx)
Therefore the full Pauli current in the Hall effect becomes

(07 az(@iw), O)

Hence, the spin term actually contributes to the prob-
ability current (see [4]). x

z

O@Q-)M»

i
V x (XTEx) = |0,
0
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