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I. GAUGE INVARIANCE

Using Maxwell equation [3]

∇ · B⃗ = 0, (1)

B⃗ can be expressed as a the rotational of a vector poten-

tial A⃗:

B⃗ = ∇× A⃗. (2)

Therefore, by employing Faraday's law

∇× E⃗ = −∂B⃗
∂t

=⇒ ∇×
(
E⃗ +

∂A⃗

∂t

)
= 0, (3)

and therefore the last term, which has zero curl, can be
expressed as the gradient of a scalar potential φ,

E⃗ +
∂A⃗

∂t
= −∇φ =⇒ E⃗ = −∇φ− ∂A⃗

∂t
. (4)

Thus we have (E⃗, B⃗) expressed in terms of the potentials

A ≡ (φ, A⃗). We can also write the potentials as a four-
vector {Aµ}, where µ = 0, 1, 2, 3, and A0 = φ.
It is also noticeable that the potentials are not unique,

two sets of potentials can give the same electromagnetic
�eld. As a consequence of ∇× (∇u) = 0 (where u is any
C1 function), the vector potential:

A⃗′ = A⃗+∇Λ, (5)

gives the same B⃗, but this changes E⃗, thus we have to
transform φ accordingly:

E⃗ = −∇φ′ − ∂A⃗′

∂t

= −∇φ′ +
∂A⃗

∂t
− ∂(∇Λ)

∂t

= −∇(φ′ +
∂Λ

∂t
)− ∂A⃗

∂t
.

Hence, the transformation:φ′ = φ− ∂Λ

∂t

A⃗′ = A⃗+∇Λ

(6)

leaves the electromagnetic �elds unchanged, and there-
fore it is called a gauge transformation of the electromag-
netic potential.

II. DYNAMICS OF A CHARGED PARTICLE IN
AN EM FIELD

We will now show that, in classical mechanics, the dy-
namics of a particle with charge q, and mass m, can be
described by the potential [2]

V = qφ− qA⃗ · v⃗, (7)

or using relativistic notation

V = JµAµ (8)

where

Jµ ≡ (q, qv⃗), Aµ = ηµνA
ν , (9)

and we used the diagonal Minkowski metric ηµµ =
[1,−1,−1,−1] This is indeed the potential if it leads,
through the Euler-Lagrange equations, to the Lorentz
force, and the Lagrangian is then given by

L = T − V =
1

2
mv⃗2 − qφ+ qA⃗ · v⃗. (10)

For the x component, one gets

∂L

∂x
= −q ∂φ

∂x
+q

∂A⃗

∂x
·v⃗, ∂L

∂vx
= mvx+qAx = px, (11)

and thus the canonical momentum is no longer mv, in-
stead it is

p⃗ = mv⃗ + qA⃗. (12)

Now, deriving with respect to time the second equation
in (11),

d

dt

∂L

∂vx
= mv̇x + q

dAx

dt
(13)

applying the chain rule to the last term,

dAx

dt
=
∂Ax

∂t
+

∑
i

∂Ax

∂xi
· vi, (14)

and substituting in the Euler-Lagrange equation, one �-
nally arrives at

mv̇x = −q
(
∂φ

∂x
+
∂Ax

∂t

)
+ q

(
∂Ay

∂x
− ∂Ax

∂y

)
vy+

+q

(
∂Az

∂x
− ∂Ax

∂z

)
vz = qEx + q(Bzvy −Byvz) =

= q(E⃗ + v⃗ × B⃗)

∣∣∣∣
x

.
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And equivalently for the y and z components, we obtain
the Lorentz force, as expected.
Therefore, the potential stated in Eq. (7) is correct,

so we can proceed to obtain the Hamiltonian through a
Legendre transformation

H =
∑
i

pi · q̇i − L =
∑
i

1

2
mv2i + qφ, (15)

which after substitution from (12), leads to the Hamilto-
nian as a function of p⃗ and x⃗:

H =
1

2m

(
p⃗− qA⃗

)2
+ qφ. (16)

For quantum mechanics we only have to substitute the
quantities p⃗ and x⃗ by their quantum operators:{

p⃗ −→ p̂,

x⃗ −→ x̂,
(17)

which satisfy the commutation relation [x̂, p̂] = iℏ, and A⃗
and φ also become operators, as functions of the position
x̂ and time. Thus the quantum Hamiltonian operator can
be written as

Ĥ =
1

2m

(
p̂− qÂ

)2
+ qφ̂. (18)

III. SCHRÖDINGER EQUATION

The Schrödinger equation is given by [6]

iℏ
∂Ψ

∂t
= ĤΨ, (19)

so we only have to substitute in it the Hamiltonian that
we have just obtained, but we now that the canonical
momentum p̂ acts like ℏ

i∇ in position space, thus

iℏ
∂Ψ

∂t
=

[
1

2m

(
ℏ
i
∇− qA⃗

)2

+ qφ

]
Ψ. (20)

But as we saw in Section I, the potentials were not

unique, and we could use another pair (φ′, A⃗′) that re-

turns the same �elds (E⃗, B⃗). So we ask ourselves if by
using

iℏ
∂Ψ′

∂t
=

[
1

2m

(
ℏ
i
∇− qA⃗′

)2

+ qφ′

]
Ψ′, (21)

we can get the same wave-function Ψ′ ?
= Ψ. The answer

is no, since we get a shift in phase, but we still obtain the
same probabilities, and expectation values, as the phase
gets erased when the wave-function is squared. Now, we
will see that the wave-function transforms accordingly as

Ψ′ = Ψei
q
ℏΛ(x,t), (22)

when the potentials transform as written in (6). It is
important to notice that this transformation depends on
the position and time through the arbitrary function Λ.

IV. GAUGE INVARIANCE OF THE
SCHRÖDINGER EQUATION

We will denote by U the unitary transformation
ei

q
ℏΛ(x,t), hence Ψ′ = UΨ. Then, by expanding the

Hamiltonian (18) [6]

Ĥ =
1

2m

[
p⃗2 − qp⃗ · A⃗− qA⃗ · p⃗+ (qA⃗)2

]
, (23)

and since p⃗ and A⃗ do not commute, by acting with p⃗ · A⃗
on a generic wave function Ψ, one obtains

p⃗ · (A⃗Ψ) =
ℏ
i
(∇ ·A)Ψ + A⃗ · p⃗Ψ. (24)

With this result, the Hamiltonian can be rewritten as

Ĥ =
1

2m

[
p⃗2 − q

ℏ
i
(∇ ·A)− 2qA⃗ · p⃗+ (qA⃗)2

]
. (25)

Now, we are going to study the covariant derivative

Π̂ = (ℏ/i)∇− qA⃗:(ℏ
i
∇− qA⃗′)Ψ′ =

(ℏ
i
∇− qA⃗′)UΨ =

=
ℏ
i
(∇U)Ψ + U

ℏ
i
∇Ψ− qA⃗UΨ− q(∇Λ)UΨ =

= U
(ℏ
i
∇− qA⃗

)
Ψ.

As can be seen, if we transform both the potential and
the wave-function, this derivative remains the same, and
this is the one that appears squared in the Hamiltonian
(18). Then, we only have to see if the rest of Eq. (20),
iℏ∂t − qφ is also covariant, where we have moved the qφ
term to the other side of the equation, that is

(iℏ
∂

∂t
− qφ′)Ψ′ = (iℏ

∂

∂t
− q(φ− ∂Λ

∂t
))UΨ =

= U(iℏ
∂

∂t
− qφ)Ψ.

One concludes that if both the potentials and the wave-
function are transformed, Eq. (21) implies (20), and
hence the Schrödinger equation is gauge invariant. Since
the phase change does not alter probabilities nor expec-
tation values, the resulting physics remains the same.

V. APPLICATION: LANDAU LEVELS

Imagine we have a particle with charge q and mass m
con�ned in a plane (we ignore the z direction), and a

constant magnetic �eld B⃗ = Bẑ is applied along the z
axis [6]. We can describe this �eld with the vector poten-

tial A⃗ = (0, Bx, 0), because by applying (2) we recover
our magnetic �eld. Therefore the Hamiltonian, using Eq
(25), reads

Ĥ =
1

2m

[
p2x + p2y − 2qBxpy + (qBx)2

]
. (26)
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But, as py commutes with the Hamiltonian, [py, H] = 0,

because there is no y dependence in Ĥ, the eigenfunctions
can be written as Ψ = ψ(x)eikyy, which gives

ĤΨ =
1

2m

[
(ℏky)2 + p2x − 2qBxℏky + (qBx)2

]
Ψ =

=
1

2m

[
p2x + (qBx− ℏky)2

]
Ψ =

=

[
p2x
2m

+
1

2
m

(
qB

m

)2(
x− ℏky

qB

)2]
Ψ

After renaming ωB = qB/m and x0 = ℏky/(qB), a har-
monic oscillator in the x direction results. Therefore it
has solutions |nx⟩ with energies E(nx, ky) = ℏωB(nx +
1
2 ) = Enx

that do not depend on ky. These are the Lan-
dau levels. The characteristic length scale is the oscillator

FIG. 1. Landau levels (Classical orbits)

length

d =

√
ℏ

mωB
=

√
ℏ
qB

≡ lB , (27)

where we have de�ned the magnetic length lB , so we can
rewrite x0 = kyl

2
B

By using other gauges, we would have obtained the
same energies with di�erent eigenfunctions, but they
have to comprehend the same eigenspace, which has
a high energy degeneracy (there is an in�nite degener-
acy in ky for an in�nite system). For example, with

the potential A⃗ = (−By, 0, 0), we would have obtained
eigenfunctions with plane waves along the x direction.
Or else, we could have used a more symmetric gauge

A⃗ = B/2(−y, x, 0), which reproduces the classical circu-
lar orbits, with the same frequency ωB , but they are now
quantized.

VI. LANDAU LEVELS: FINITE SAMPLE

In the last section we considered that the particle was
con�ned in an in�nite plane, now we will study a 2D,

�nite system with lengths Lx and Ly along directions x
and y, respectively, with sides starting at the origin of co-
ordinates [6]. In addition, we impose periodic boundary
conditions along the y direction, so that

eikyy = eiky(y+Ly) =⇒ ky =
2πny
Ly

. (28)

Then ny is restricted to be n̄y > ny > 0, because ky has
to be positive in order for x0 to be positive. and there
is a maximum value n̄y because there is also one for x0
when x0 = Lx, that is

n̄y =

⌊
LxLy

2πl2B

⌋
, (29)

where ⌊x⌋ indicates the integer part of x. This n̄y is
in fact the number of states with the same energy (so
identical Landau level) that �t our �nite sample. And
therefore it is also the degeneracy of the Landau levels,
which is the same for them all (it does not depend on
nx).
This degeneracy, in terms of the area A = LxLy, and

then of the magnetic �ux, reads

n̄y ≡ D =

⌊
AB

2πℏ/q

⌋
=

⌊
Φ

Φ0

⌋
, (30)

where Φ0 = 2πℏ/q, with q being the absolute value of the
electron charge, is called the �ux quantum.

VII. PROBABILITY CURRENT OF THE
LANDAU LEVELS

The probability current density in quantum mechanics
is given by [1]:

J⃗(r⃗, t) =
1

2m

[
ψ∗(ℏ

i∇− qA⃗
)
ψ + c.c.

]
=

1

m
Re{ψ∗(ˆ⃗p− qA⃗)ψ},

(31)

and it enters the continuity equation

∂ρ

∂t
+∇ · J⃗ = 0, (32)

where ρ = |Ψ|2, which states the conservation of proba-
bility

∫
ρ dx = 1.

The continuity equation can also be rewritten, more
compactly, in relativistic notation

∂µJ
µ = 0 (33)

as a conserved current, where Jµ ≡ (ρ, J⃗)
Now we will substitute in these expressions the eigen-

states of the Hamiltonian that we have obtained previ-
ously.
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A. Eigenstates in the Landau Gauge

The normalized eigenfunctions can be written as

Ψnx,ky (x, y, t) = e−iEnx t/ℏ ψ(x, y),

ψ(x, y) = eikyy φnx
(x− x0) ,

(34)

where x0 = ℏky/(qB), and

φn(u) =
1√

lB2nn!
√
π
e−u2/2Hn(u). (35)

are the harmonic oscillator eigenfunctions [1], and u =
(x − x0)/lB , although, for the sake of simplifying the
notation, we will be writing φnx(u) ≡ φnx(x − x0) or
just φnx with the implicit argument and length scale

lB =
√
ℏ/mωB .

B. Current Density for a Single Landau State

By using

−qA⃗ ψ = (0,−qB x , 0)ψ,
∇ψ = eikyy

(
∂xφnx , ikyφnx , 0

)
,

(36)

we obtain

J⃗nx,ky
(x, y) =

φ2
nx

m
(0, ℏky − qBx, 0). (37)

This shows that the probability current �ows in the y-
direction with a local velocity proportional to (ℏky −
qBx)/m, and that its divergence vanishes, therefore,
from the continuity equation (32), ∂tρ = 0.

C. Superposition of eigenfunctions in the same
Landau Level

Let the wavefunction be a generic superposition of
eigenfunctions, with equal nx and therefore with equal
energy, that we have found with our gauge

Ψnx
(x, y, t) = e−iEnt/ℏ

∑
ky

cky
eikyy φ(ky)

nx
, (38)

where
∑

ky
|cky

|2 = 1. Although by replacing the sums

with integrals we could have obtained the alternative solu-
tions derived with di�erent gauges, the discrete approach
is valid to show that these states preent a stationary
probability current. The interference between di�erent

ky components yields cross terms Ψ∗
nx
(ℏ/i∇ − qA⃗)Ψnx

,

that lead to current densities J⃗(x, y) = (Jx, Jy, 0) with

Jx = Re

 ℏ
im

∑
ky,k′

y

cky
ck′

y
ei(ky−k′

y)yφ
(k′

y)
nx ∂xφ

(ky)
nx

 ,

Jy = Re

 ∑
ky,k′

y

cky
c∗k′

y
ei(ky−k′

y)y
ℏky − qBx

m
φ(ky)
nx

φ
(k′

y)
nx

 .
(39)

This expression contains interference terms with wave
numbers ky − k′y. The case with only one non-zero co-
e�cient cky

= δkyq retrieves the result from the former
section.

D. Stationarity Probability Current

All Landau modes share the same energy Enx , so the
probability density is time independent

ρ(x, y) =
∑
ky,k′

y

cky
c∗k′

y
ei(ky−k′

y)yφ(ky)
n φ

(k′
y)

n , (40)

so ∂tρ = 0, and by the continuity equation ∇ · J⃗ = 0.
It could also be shown computing the divergence of

J⃗ directly, and this result implies that all eigenstates of
the hamiltonian with an energy Enx

(for every gauge),
has a stationary current, which makes sense since they
are eigenstates of Ĥ and thus stationary states, which
means they do not have time dependence.

VIII. PAULI EQUATION

If we introduce the spin degree of freedom for a spin-
1/2 particle, the Schrödinger equation

Ĥ χ = iℏ ∂tχ, (41)

becomes a matrix equation for the two-component Pauli
spinor

χ =

(
χ↑

χ↓

)
. (42)

Intuitively, Ĥ must be a 2× 2 operator acting on a two-
component column vector. In the absence of electromag-
netic �elds the momentum operator is justt p̂ = −iℏ∇,
and one may write the matrix version of the free Hamil-
tonian for the scalar system as

Ĥ =
1

2m
(σ⃗ · p̂)(σ⃗ · p̂), (43)

by using the Pauli identity [6]

(σ⃗ · a⃗)(σ⃗ · b⃗) = (⃗a · b⃗) 1̂+ i σ⃗ · (⃗a× b⃗), (44)

and the fact that p⃗ × p⃗ = 0,, Eq. (43) is just Ĥ =

p̂2/(2m) 1̂.
In the presence of electromagnetic potentials we re-

place p̂ by π⃗ = p̂− q A⃗, and Ĥ by Ĥ − qφ̂ to obtain

Ĥ =
1

2m
(σ⃗ · π⃗)(σ⃗ · π⃗) + q φ̂. (45)

Notice that [πi, πj ] ̸= 0, since the p⃗ and A⃗ vector opera-
tors do not commute, therefore one �nds [6]

π⃗ × π⃗ = iℏ q B⃗, (46)
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so that the expanded Pauli Hamiltonian Eq. (45) reads

ĤPauli =
(p̂− qA⃗)2

2m
− qℏ

2m
σ⃗ · B⃗ + q φ̂. (47)

Finally, by using the relationship between magnetic
dipole moment µ⃗ and angular momentum, µ⃗ =

g q/(2m)S⃗, in this case the (intrinsic) spin angular mo-

mentum of the particle S⃗ = (ℏ/2)σ⃗ with g-factor g = 2,
the previous equation can be rewritten as

ĤPauli =
(p̂− qA⃗)2

2m
− µ⃗ · B⃗ + q φ̂, (48)

showing explicitly the interaction energy of a magnetic
dipole in an external magnetic �eld.
We will now use this equation to study the Landau

levels but for a spin-1/2 particle, in the non-relativistic
limit.

IX. LANDAU LEVELS FOR A SPIN 1/2
PARTICLE

Since φ = 0 and B⃗ = (0, 0, B), the Pauli Hamiltonian
reduces to:

Ĥ =
(p̂− qA⃗)2

2m
− qℏB

2m
σz =

(p̂− qA⃗)2

2m
− ωB Ŝz. (49)

The �rst term is the orbital Hamiltonian Ĥorb (identical
to the scalar Landau problem we solved in V), and the sec-

ond term de�nes the spin Hamiltonian Ĥspin = −ωBŜz.

Therefore, the total Hamiltonian splits as Ĥ = Ĥorb +
Ĥspin (it is separable), so the eigenstates are tensor prod-
ucts |nx, ky, ε⟩ = |nx, ky⟩ ⊗ |ε⟩, where ε =↑, ↓ indicates

the eigenstates of Ĥspin,

−ωBŜz | ↑⟩ = −ℏωB

2
| ↑⟩, (50)

−ωBŜz | ↓⟩ =
ℏωB

2
| ↓⟩. (51)

that shift each Landau level up or down in energy by the
amount ∓ℏωB/2 (see Fig. 2).

Energy

Enx

Enx + ℏωB
2

Enx − ℏωB
2

FIG. 2. Splitting of the nth Landau level by the Pauli term
−ωBSz.

Putting both contributions together, the total energy
eigenvalues are

Enx,ε = ℏωB

(
nx + 1

2

)
∓ ℏωB

2
. (52)

Notice that this shift is the same for all landau levels,
since it does not depend on the orbital quantum num-
ber nx, and it also coincides with the energy di�erence
between Landau levels ℏωB , so in this new system with
spin, we have a fundamental level that is alone, and all
other levels that go in pairs, for example, |0, ky,−⟩ has
the same energy that |1, ky,+⟩, thus we could observe
a current between these two levels as the energy is con-
served, which means a current between two di�erent spin
states, a phenomena we will discuss later in section XIV.

X. PROBABILITY CURRENT FOR A SPIN-1/2
PARTICLE

A. Probability current expression

The probability density of the spin-1/2 particle is ρ =
χ†χ, where χ† = [χ∗

↑ χ
∗
↓] is a row vector, and its time

derivative gives

∂tρ = χ† ∂tχ+ (∂tχ
†)χ (53)

=
1

iℏ

[
χ†Ĥχ− (χĤχ†)

]
, (54)

where, in the second row, we used the Pauli equation (41)

and its complex conjugate equation, and the fact that Ĥ
is Hermitian. Next, we substitute Ĥ = (p⃗ 2/2m)− ωBŜz

to get

χ† ∂tχ+ (∂tχ
† χ) =

1

iℏ

[
χ† p⃗ 2

2mχ− c.c.
]
. (55)

because the spin term cancels. Finally, we use the equal-
ity 1

iℏ
(
χ†p⃗ 2χ− c.c.

)
= ∇[χ†p⃗χ + c.c.], to recover the

same current density as for the spinless particle (31):

∂ρ

∂t
+∇J⃗ = 0, (56)

where the probability current density is J⃗ =
Re

[
χ†p⃗χ

]
/m.

B. Substitution on Landau Eigenstates

For the Landau-level eigenstates |n, ky, ↑⟩,with spin
components χ = (χ↑, 0)

T and χ↑ = |n, ky⟩, the current
density reads

J⃗ =
1

m
Re{χ†[ℏi∇− qA⃗]χ}, (57)

where ∇χ = (∇χ↑, 0)
T and qA⃗χ = qB x ŷ χ, so that

[ℏ/i∇ − qA⃗]χ, matches formally the equivalent expres-
sions for the scalar case (see Section VIIB), and the
probability current for the spin-1/2 Landau problem is
the same as in the spinless problem.



6

C. Superposition of Spin Components

We now consider a generic two-component spinor of
the type

χ =

(
χ↑
χ↓

)
=

(
c1 |nx, ky⟩
c2 |n′

x, k
′
y⟩

)
,

with the normalization condition |c1|2 + |c2|2 = 1. Since
there are no cross-terms in the current, each component
contributes independently, and

J⃗ = |c1|2 J⃗↑ + |c2|2 J⃗↓, (58)

where, exactly as in the scalar Landau problem,

J⃗↑ =
φ2
nx

(
x− x0(ky)

)
m

(
0, ℏky − qBx, 0

)
, (59)

J⃗↓ =
φ2
n′
x

(
x− x0(k

′
y)
)

m

(
0, ℏk′y − qBx, 0

)
. (60)

Therefore, the currents simply add linearly, whith the
factor ci squared, which makes sense as we are dealing
with probabilities. If instead we take a superposition
over di�erent ky for each spin component, we recover
again the same interference-current structure derived in
Section VIIC for each spinor component. Also, ∇·J = 0
as expected for stationary states. ½½

XI. DIRAC EQUATION

In relativity the energy�momentum relation is [6]

E2 = (c p⃗)2 + (mc2)2. (61)

We seek a linear operator equation of the form (c α⃗ · p̂+
βmc2)2 = (c p̂)2 + (mc2)2, where α⃗ · p̂ = α1px + α2py +
α3pz, and the matrices must satisfy

α2
i = β2 = 1̂, (4 constraints), (62)

αiαj + αjαi = 0 (i ̸= j), (3 constraints), (63)

αiβ + βαi = 0, (3 constraints). (64)

In total there are 10 algebraic restrictions (plus Hermitic-
ity) on the matrices αi, β.

EXPLICIT CONSTRUCTION OF THE DIRAC
MATRICES

It turns out that the algebraic constraints require at
least 4 × 4 matrices. One convenient representation is
[6]:

α⃗ =

(
0 σ⃗
σ⃗ 0

)
, β =

(
1̂2×2 0

0 −1̂2×2

)
, (65)

where σ⃗ = (σ1, σ2, σ3) are the Pauli matrices and 1̂2×2 is
the 2× 2 identity.

One checks directly:

β2 =

(
1̂ 0

0 −1̂

)2

= 1̂4×4, (66)

{αi, αj} = αiαj + αjαi = 2 δij 1̂4×4, (67)

{αi, β} = αiβ + βαi = 0. (68)

Thus α⃗ and β satisfy all required anti-commutation and
squaring relations.
We still have free parameters, so the pair (α⃗, β) is not

unique.
Finally, the Dirac Hamiltonian takes the compact form

ĤDirac = c α⃗ · p̂+ β mc2. (69)

The Dirac equation in the presence of electromagnetic

�elds with usual change p̂→ π̂ = p̂− qA⃗:

iℏ ∂tΨ = ĤDirac Ψ, Ψ =

(
χ
ϕ

)
,

ĤDirac = c α⃗ · π⃗ + β mc2 + q φ.

(70)

Where χ and ϕ are Pauli spinors, so the wave-function
has four components.

XII. PAULI EQUATION FROM THE DIRAC
EQUATION

We now intend to derive the Pauli equation as a non-
relativistic limit of the Dirac equation.
In component form one obtains

iℏ ∂tχ = c σ⃗ · p⃗ ϕ+mc2 χ, (71)

iℏ ∂tϕ = c σ⃗ · p⃗ χ−mc2 ϕ. (72)

Assuming energies near the rest mass, set E = E +mc2

with E ≪ mc2, and solve for the �small� component:

ϕ ≈ c σ⃗ · p⃗
E +mc2

χ ≈ σ⃗ · p⃗
2mc

χ. (73)

(pc≪ mc2), in the non-relativistic limit, which implies
(ϕ ≪ χ) Substituting back into the upper-component
equation (71) yields

E χ =
(σ⃗ · p⃗)2

2m
χ, (74)

which is the Pauli Hamiltonian (we ignore the second
equation (72), since ϕ is small), so we conclude it is in-
deed the non-relativistic limit of the Dirac Hamiltonian.

XIII. PROBABILITY CURRENT FOR THE
DIRAC EQUATION

As in non-relativistic quantum mechanics, the proba-
bility density ρ = Ψ†Ψ = |Ψ|2, so that

∂tρ = ∂t(Ψ
†Ψ) = (∂tΨ

†)Ψ + Ψ†(∂tΨ). (75)
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From the Dirac Hamiltonian iℏ ∂tΨ = [ c α⃗·p⃗+β mc2] Ψ
we have

∂tΨ = − i
ℏ [ c α⃗ · p⃗+ β mc2] Ψ, (76)

∂tΨ
† = + i

ℏΨ
†[ c (α⃗ · p⃗)† + β mc2]. (77)

Since (α⃗ · p̂)† = α⃗ · p̂ (the αi are Hermitian) and β† = β,
substitution gives

∂tρ = − i
ℏ
[
Ψ†(c α⃗ · p̂)Ψ− (c α⃗ · p̂Ψ)†Ψ

]
. (78)

Using p̂ = −iℏ∇ and (p̂Ψ)† = +iℏ∇Ψ†, which implies

∇† ≡ −∇, one shows ∂tρ+∇ · J⃗ = 0 with

J⃗ = cΨ†α⃗Ψ. (79)

Thus the Dirac probability current is J0 = Ψ†Ψ, J⃗ =
cΨ†α⃗Ψ. This is shown easily in relativistic notation, and
de�ning

γ = (β, γ0α⃗) (80)

We arrive at the continuity equation (33) with Jµ =
Ψ̄γµΨ, with the adjunct spinor Ψ̄ = Ψ†γ0 (see [5]).

XIV. PAULI CURRENT AS A LIMIT FROM
DIRAC

Starting from the Dirac current J⃗Dirac = cΨ†α⃗Ψ, write

the Dirac spinor in two components: Ψ =

(
χ
ϕ

)
, so that

J⃗Dirac = c
(
χ†, ϕ†

)(0 σ⃗
σ⃗ 0

)(
χ
ϕ

)
= c

(
χ† σ⃗ ϕ+ ϕ† σ⃗ χ

)
.

(81)

In the non-relativistic regime we have (73) ϕ =
c(σ⃗·p⃗)
E+mc2 χ ≈ c(σ⃗·p⃗)

2mc2 χ, with E ≈ mc2, E+mc2 ≈ 2mc2,

and similarly for ϕ†. Substituting gives

J⃗Dirac ≈ χ† σ⃗
σ⃗ · p⃗
2m

χ+
χ†(σ⃗ · p⃗)†

2m
σ⃗ χ (82)

=
1

m
Re{χ† p⃗ χ}+ ℏ

2m
∇× (χ†σ⃗χ). (83)

Here we used the identity σiσj = iϵijkσk + δij , and using
the chain rule for the curl term you recover the former
expression. Therefore, with electromagnetic �elds π̂ =
ℏ
i∇− qA⃗, the Pauli current reads

J⃗Pauli =
1

m
Re{χ†[ℏi∇− qA⃗]χ}+ ℏ

2m
∇× (χ†σ⃗χ). (84)

To read more about this extra term, see [4]. You may
have noticed we did not use this term when computing
the Pauli current for the Landau levels, in that case it
did not matter as the stationary states were eigenstates

of Sz. Moreover, this term does not contribute to the

divergence ∇ · J , since ∇ ·
(
∇× C⃗

)
= 0, and should be

understood as a current between di�erent spin states in
a �xed position x⃗, therefore it does not carry probability
from a point in space to another.
The way we derive the probability current in section XA
is incomplete, since we can sum the rotational of a vector,
and get the same continuity equation. Hence, is it only
possible to obtain a well-de�ned expression, taking the
non-relativistic limit of the Dirac probability current.

XV. HALL EFFECT

We now have a magnetic �eld in the z-direction and
an electric �eld in the negative x-direction:

B⃗ = B ẑ, E⃗ = −E x̂.

Choosing the gauge potentials

A0 = E x, A1 = 0, A2 = B x, A3 = 0,

so that Aµ = (A0, A1, A2, A3) = (Ex, 0, Bx, 0). This is
called the Landau gauge .
The Pauli Hamiltonian is

ĤPauli =

(
σ⃗ · π⃗

)2
2m

+ qA0 =
(p̂− q A⃗)2

2m
− qℏ

2m
σ⃗ · B⃗ + q A0.

(85)

Substituting A⃗ = (0, Bx, 0) and A0 = Ex and restricting
to the xy-plane (p̂z = 0) gives

ĤPauli =
p̂2x + (p̂y − qBx)2

2m
− qℏ

2m
σz B + q E x. (86)

Since [ĤPauli, p̂y] = 0, eigenfunctions can be chosen as

Ψ(x, y, z) = χ(x) eikyy eikzz.

Ignoring the z-direction (kz = 0) and con�ning to the
plane yields

Ψ(x, y) = χ(x) eikyy.

The total Hamiltonian separates as

Ĥ = Ĥorb + Ĥspin. (87)

Explicitly,

Ĥorb =
p̂2x
2m

+
p̂2y
2m

− qBx

m
p̂y +

q2B2x2

2m
+ qEx, (88)

Ĥspin = −ωB Ŝz. (89)

Since [ĤPauli, p̂y] = 0, we set p̂y → ℏky. Then

Ĥorb =
p̂2x
2m

+
ℏ2k2y
2m

+
qE − qBℏky

m
x+

q2B2x2

2m
. (90)
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Completing the square in x:

Ĥorb =
p̂2x
2m

+
1

2m

(
qBx− ℏky +

mE

B

)2

− mE2

2B2
+

ℏkyE
B

.

(91)
This is a shifted harmonic oscillator plus constant o�set,
whose eigenvalues and eigenfunctions follow immediately.
Setting

ωB =
qB

m
, x0 =

ℏky
qB

− mE

qB2
.

The orbital eigenstates |nx, ky⟩ thus have energies

Enx,ky = ℏωB

(
nx + 1

2

)
− mE2

2B2
+

ℏkyE
B

.

This looks very similar to the results we obtained for the
Landau levels, but in this case the energy does depend
on ky.

The spin Hamiltonian Ĥspin = −ωBŜz has eigenvectors
|η⟩ (η = ±1) with eigenvalues

Ĥspin |η⟩ = −η ℏωB

2
|η⟩.

Therefore, the total eigenstates |nx, ky, η⟩ satisfy

Ĥ |nx, ky, η⟩ =
[
ℏωB

(
nx+

1
2

)
−η ℏωB

2 −mE2

2B2 +
ℏkyE
B

]
|nx, ky, η⟩.

So we get the same that for the Landau levels, the spin
splits in two the energy levels at the same distance (ℏω)
that the intervals between nx levels, and again we have
a fundamental level that is non-degenerate.

XVI. PROBABILITY CURRENT IN THE HALL
EFFECT

We now study the probability current of an eigenstate
|nx, ky, η⟩ in the Hall con�guration. The Pauli current is

J⃗Pauli =
1

m
Re

{
χ†[ℏi∇− qA⃗]χ

}
+

ℏ
2m

∇× (χ†σ⃗χ). (92)

For the state,

χ =

(
ψnx,ky (x)

0

)
, ψnx,ky (x) = φnx(x− x0)e

ikyy,

only the upper component is nonzero. Thus

ℏ
i
χ†∇χ =

ℏ
i

(
ψ∗∂xψ, ψ

∗∂yψ, 0
)

=
ℏ
i
φnx

(x− x0) (∂xφnx
, ikyφnx

, 0),

and

qχ†A⃗χ =
(
0, qφnx

(x− x0)
2Bx, 0

)
. (93)

Taking the real part,

Re χ†[ℏ
i∇− qA⃗

]
χ =

(
0, ℏkyφ2

nx
− qBxφ2

nx
, 0

)
. (94)

The spin-magnetization density is

χ†σ⃗χ = k̂ φnx(x− x0)
2. (95)

Hence its curl is

∇×
(
χ†σ⃗χ

)
=

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
0 0 φ2

nx

∣∣∣∣∣∣ = î ∂y
(
φ2
nx

)
− ĵ ∂x

(
φ2
nx

)
.

(96)

But the �rst term is null, thus∇×
(
χ†σ⃗χ

)
= − ĵ ∂x

(
φ2
nx

)
.

Therefore the full Pauli current in the Hall e�ect becomes

J⃗Pauli =
(
0,

ℏky−qBx
m φ2

nx
− ℏ

2m ∂x(φ
2
nx
), 0

)
.

Hence, the spin term actually contributes to the prob-
ability current (see [4]). x
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