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I. INTRODUCTION

The probability current in non-relativistic quantum
mechanics presents subtleties when spin is considered. In
this case one has to use the Pauli equation, but then the
probability current density is not well defined. It can
only be derived without ambiguity from the Dirac equa-
tion [1, 2], and, in this way, an additional spin term arises
in the non-relativistic limit. Although this term has null
divergence, hence no contribution to the continuity equa-
tion, which might be the reason why it is often neglected,
it can still lead to relevant physical effects, as it is the
case for the quantum Hall effect [2]. The purpose of this
work is to show that there is a non-zero contribution of
the spin term in the current density of the ground state of
both a non-interacting and an interacting Bose-Einstein
condensate of neutral atoms that, subjected to synthetic
gauge fields [3], simulate the integer quantum Hall effect.
Our findings can be easily tested in current experiments
with ultracold-gas systems.
In this work, we demonstrate both analytically and nu-
merically the exact cancellation of the probability cur-
rent in the bulk of a non-interacting BEC for a concrete
spin polarization. Furthermore, we reveal that the intro-
duction of a Gross-Pitaevskii (GP) repulsive interaction
breaks the cancellation, leading to a macroscopic net cur-
rent. Additionally, we verify the robustness of our model
by recovering the classical Hall effect drift when an exter-
nal electric field is applied. Finally, we study the inter-
play between the Hall effect drift and the GP interaction.

II. THEORETICAL FRAMEWORK

Within a mean-field framework, the Pauli equation for
interacting spin-1/2 particles reads,

iℏ∂t χ =
(σ · p̂)2

2m
χ+ g|χ|2χ, (1)

where σ = {σx, σy, σz} is the vector of Pauli matrices,
and the interparticle interaction strength g = 4πℏ2a/m
is assumed to be proportional to the scattering length a.
Equation (1) can be obtained in the linear regime, g = 0,
from the non-relativistic limit of the Dirac equation (see
Appendix A). There, the Pauli spinor χ is the large com-
ponent of the Dirac field [χϕ]T , whose small component
ϕ ≈ σ · p̂χ/2mc, where c is the speed of light, provides

the relativistic corrections. Analogously, starting from
the Dirac current density JDirac = c

(
χ† σ ϕ + ϕ† σ χ

)
(See Sakurai [4]), one obtains the corresponding Pauli
current density

J ≈ χ† σ
σ · p̂
2m

χ+ χ† (σ · p̂)†

2m
σ χ (2)

=
1

m
Re{χ† p̂χ}+ ℏ

2m
∇× (χ†σχ). (3)

As anticipated, the additional spin term Jσ = ∇× s /m,
where s = (ℏ/2)χ†σχ is the spin-density vector, does not
contribute to the continuity equation ∂tχ + ∇ · J = 0,
since ∇· (∇× Jσ) = 0, and can be understood as a spin
or magnetization current density.

For a system of electrically charged particles in the
presence of an electromagnetic field, assuming a minimal
coupling, Eqs. (1) and (3) remain valid by making the
substitutions p̂ → π̂ = p̂ − qA and iℏ∂t → iℏ∂t − qV ,
where {V,A} are the electromagnetic potentials. In or-
der to study a Hall system, where the motion takes place
within the x − y plane, a constant, perpendicular mag-
netic field Bz, with z-direction, is considered along with
an in-plane, constant electric field −Ex, with negative
x-direction. We write the electromagnetic potentials in
the so-called Landau gauge

V = Ex x, A = (0, Bz x, 0),

and, as a result, the Pauli Hamiltonian in Eq. (1) be-
comes

Ĥ =
p̂2x + (p̂y − qBzx)

2

2m
− qℏ
2m

σz Bz+q Ex x+g|χ|2, (4)

where we have not included the dependence on the
z−coordinate, assuming that the system is frozen in its
ground state along this direction.

Since [Ĥ, σz] = 0, and [Ĥ, p̂y] = 0 if |χ|2 does not
depend on the y−coordinate, one can search for solutions
to Eq. (1) with the functional form

χ(x, y, t) =

(
c↑
c↓

)
χ(x)

1√
Ly

ei(ky−µt/ℏ), (5)

where Ly is the system length along y, and [c↑ c↓]
T =

{[1 0]T , [0 1]T } are the eigenvectors of the σz operator
with eigenvalues σ = ±1, respectively.
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A. The non-interacting Hall system

It is insightful to start from the non-interacting limit,
g = 0, where the analytical solutions to the eigenvalue
equation for χ(x) are known. From the direct substitu-
tion of (5) in Eq. (1), one gets[

p̂2x
2m

+
mω2

B(x− xk)
2

2
+ Ek − ℏσ

2
ωB

]
χ(x) = µχ(x),

(6)
where we have defined

ωB =
|q|Bz

m
, xk =

ℏk
qBz

− mEx

qB2
z

. Ek =
ℏkEx

Bz
− mE2

x

2B2
z

.

(7)
The solutions to Eq. (6) are (real) Hermite functions [5]
χ(x) = Hn[(x−xk)/ℓB ] exp

[
−(x− xk)

2/2ℓ2B
]
, product of

a Hermite polynomial Hn of order n times a gaussian of
width ℓB =

√
ℏ/mωB , and give rise to the appearance of

the celebrated Landau levels [6] in the energy spectrum
of the Hamiltonian Eq. (4),

En,σ,k = ℏωB

(
n+

1− σ

2

)
+ Ek. (8)

labeled by the excitation number n = 0, 1, 2, . . . of a har-
monic oscillator characterized by the cyclotron frequency
ωB . The total eigenenergy depends also on spin, labeled
by σ, and, due to the presence of the electric field, on
the momentum ℏk along the y−direction. For generic
stationary eigenstates χn,σ,k(x, y) the Pauli probability
current Eq. (3) gives a Hall current

J = |χ|2
(
0,

ℏk −mωB x

m
− σ

ℏ
2m

∂x ln |χ|2, 0
)
, (9)

along the y−direction, perpendicular to the direction of
the applied electric field, with a spin current contribution
Jyσ = −σ ℏ ∂x|χ|2/2m of opposite sign for the two spin
components. By using the explicit form of the eigenfunc-
tions, the spin current density becomes

Jyσ =
σ e−x̃2

LyℓB
Hn(x̃)

2 x̃ ωBℓB , (10)

where we have set x̃ = (x − xk)/ℓB , while the orbital
contribution is

Jy − Jyσ =
e−x̃2

LyℓB
Hn(x̃)

2 ℏk −mωBx

m
; (11)

their combination produces the total current density

Jy =
e−x̃2

LyℓB
Hn(x̃)

2

[
(σ − 1)x̃ ωBℓB +

Ex

Bz

]
. (12)

In particular, for the lowest Landau level, n = 0, the spin
polarized (σ = 1) eigenstates

χ0,1,k(x, y, t) =

(
1

0

)
e−x̃2/2√
LyℓB

√
π
ei(ky−Ekt/ℏ); (13)
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FIG. 1. Components of the Pauli probability current density
in the lowest Landau level (n = 0) in a system with Ex/Bz =
0.5ωBℓB as functions of the non-dimensional coordinate x̃ =
(x− xk)/ℓB . As can be seen in Eq. (12), the orbital and spin
contributions that are odd in x̃ cancel locally. Currents are
represented in units of J0 = e−x̃2

ωBℓB/(LyℓB
√
π).

have energy eigenvalue Ek, and current density

Jy = |χ0,1,k|2
Ex

Bz
=

e−x̃2

LyℓB
√
π

Ex

Bz
. (14)

which is proportional to the drift velocity vd = Ex/Bz.
Figure 1 represents this current density in a system with
vd = 0.5ωBℓB . As can be seen, the spin-current term
does not vanish and is odd in the shifted x̃−coordinate;
after adding the orbital term, the total current density
shows an even gaussian profile.

B. The interacting Hall system

Further analytical insight can be obtained by con-
sidering the regime dominated by interactions, where
µ≫ ℏωB . In this case, the Thomas-Fermi ansatz

χTF (x) =

(
1

0

)√
µeff − 1

2mω
2
B(x− xk)2

g
, (15)

for χ ≥ 0 and χ = 0 otherwise, where µeff = µ −
Ek + ℏωB/2, approximates the ground state by neglect-
ing the kinetic energy in the x−direction, along which
the condensate extension, x ∈ [xk − RTF , xk + RTF ],
is determined by the Thomas-Fermi radius RTF =√
2µeff/m/ωB . In contrast with the linear case of Eq.

(14), the current density

Jy = −
(
χ2
TF +

ℏωB

g

)
(x− xk)ωB + χ2

TF

Ex

Bz
, (16)

takes nonzero values in the absence of electric field. En-
forcing normalization

∫
χ2
TF dxdy = N to the number of
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FIG. 2. Two-dimensional representation of the probability current densities for the non-interacting ground state (g = 0) in the
Landau gauge. From left to right: orbital current J⃗orb, spin current J⃗spin, and total current J⃗tot. The local current magnitude
is encoded in the thickness of the streamlines, overlaid on the probability density |ψ|2 background. The exact local cancellation
in the bulk of the condensate is clearly visible (right panel).

particles N in the condensate, one obtains the chemical
potential as a function of the electromagnetic fields,

µ =
ℏωB

2
+

1

ωB

(
ℏk
m

− Ex

Bz

)
+

(
3
√
mωBgN

4
√
2Ly

)2/3

.

(17)

The Thomas-Fermi ansatz, through Eq. (16), demon-
strates the presence of high, counter-propagating cur-
rents around the center lines x = xk for increasing values
of the magnetic field, which, as in classical fluids, could
lead to instabilities of the Kelvin-Helmholtz type. As
a result, the emergence of quantum vortices is expected
beyond a particle current threshold...

III. NUMERICAL RESULTS

As explained before, because of the new term we have
to resort to numerical methods. The first step, is to im-
plement a time-imaginary script that can evolve an ar-
bitrary initial state into the ground state (see [7]). To
simulate the topology described in Appendix B, Fourier
Fast Transform (FFT) are used, which assume periodic
boundary conditions to deal efficiently with derivative
terms. In the y direction we assumed periodic bound-
ary conditions, so it is consistent. Nevertheless, in the
x direction we assumed infinite walls (confined system).
Therefore, a new potential term has to be introduced in
order to confine the system in the x direction. The script
used, implements a potential of the form

Vwell = V0 ×
[
1 + 9 · tanh(|x| − 0.75 · xmax)

]
(18)

with V0 = 9ℏωB , and xmax = Lx/1.5. This potential
ensures there is no conflict with our gauge and the FFT.

With the numerical ground state, it is possible to com-
pute the probability density currents for this state. This
does not require the introduction of anything new, it is
just a matter of implementing the equations. The result
obtained for imaginary time evolution in the non interact-
ing case (g = 0) and zero electric field E = 0 is depicted
in Fig. 2. As a heat map, the probability density (|ψ|2)
is plotted in 2D. On top, the currents are represented
for three different terms. On the left we have the orbital
term, which only flows in the y direction; in the middle
we have the spin term contribution, which in this case is
exactly equal to the orbital contribution but with oppo-
site direction; on the right we have the total which is the
addition of the other two terms, that cancel out to give
a null contribution.
A transversal representation of Fig. 2 can be performed
for visual clarity, and in order to compare with the the-
oretical results derived in II A (figure 1) We see clearly
in the top-left panel of Fig. 4 the cancellation of both
terms, accordingly to the derived expression for the total
current (14).

A. Adding Interaction: Breaking the topological
cancellation

If the Gross-Pitaevskii term is activated, for instance
a strong repulsion term with g = 50, we expect the same
functional form of the ground state density only with a
thicker distribution. Using the same script as before, we
can compute the ground state for this case (see heatmap
of Fig. 3). At first glance, one might expect the total cur-
rent to perfectly cancel out, just as in the non-interacting
case. Nevertheless, when interaction g = 50 is added, a
total non-zero current emerges. As the density profile
broadens and the top flattens, the spatial gradients dimin-
ish. Consequently the spin term weakens (10), meanwhile
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FIG. 3. Two-dimensional representation of the probability current densities for the interacting ground state (g = 50) in the
Landau gauge. From left to right: orbital current J⃗orb, spin current J⃗spin, and total current J⃗tot. Unlike the non-interacting
case, the flattening of the density profile weakens the spin current. As a result, the exact local cancellation in the bulk is broken,
giving rise to a visible net total current (green streamlines in the right panel) flowing through the center of the condensate.

the gauge part of the orbital term does not change (only
the wave-function). Therefore the spin term is no longer
able to fully offset the orbital term, breaking the topo-
logical cancellation. This behavior is clearly illustrated
in Fig. 3 As before, it is possible to do a transversal rep-
resentation of the current. Where the current in the y
direction is plotted against x. In the top-right panel of
Fig. 4 it is possible to see clearly the weakening of the
spin term (blue), and the appearance of a total current
(green).

B. Macroscopic Transport under an External
Electric Field

To complete our analysis and verify the macroscopic
transport properties of the system, we study the con-
densate under the influence of an external in-plane
electric field E⃗ = −Ex̂. In this scenario, classical
electromagnetism predicts a uniform E⃗ × B⃗ Hall drift in
the y-direction.
From our analytical framework, we demonstrated in
section A that for a non-interacting gas (g = 0) with
proper spin polarization, the spin current perfectly
cancels the orbital current. This exact cancellation
leaves only a net macroscopic flow proportional to the
drift velocity vd = E/B. To verify this, we run our
simulation setting E = 0.5 and g = 0.
First, the external electric field alters the effective poten-
tial of the system, shifting the equilibrium position of the
harmonic trap to x0 = −mE/qB2. In our dimensionless
units, this corresponds to a shift of the condensate center
to x0 = −0.5lB , which is perfectly captured by the shift
of the Gaussian shown in the bottom-left panel of Fig.
4. More importantly, the transport properties strictly
follow the topological cancellation. As shown in the
bottom-left panel of Fig. 4, the spin and orbital currents

still mirror each other to cancel the shear, but their
sum is no longer zero. Instead, the total current yields
a net macroscopic flow profile that perfectly matches
the density distribution, confirming the exact analytical
prediction of the Hall drift, which was depicted in Fig. 1.
Note that the current orientation is inverted with respect
to Fig. 1 due to the opposite sign of the charge and spin
polarization used in the analytical derivation. We also
see that the bottom-left panel of Fig. 4 is shifted, this is
because it is plotted against x/ℓB , and not x̃/ℓB .

When we combine interaction (g = 50) with an electric
field (E = 0.5). The wave-function broadens, and is also
shifted because of the field dependence of equilibrium
position of the harmonic trap (x0 = −mE/qB2). The
drift velocity of the bulk is still in the y direction.
Nevertheless, border currents appear with opposite
direction to that of the bulk. For this groundstate, we
see in the bottom-right panel of Fig. 4 that overall,
the orbital and spin term have the same structures.
Nevertheless, because of the interaction the spin term
weakens with respect to the orbital one. And because of
the electric field, it is noticeable that the orbital current
mostly concentrates in the left border. Both terms add
up to give a bulk current in the y direction. Additionally,
smaller border currents are formed, which can be seen
in the bottom-right panel of Fig. 4.

IV. CONCLUSIONS

In this work, we have thoroughly investigated the cur-
rent density of a Bose-Einstein Condensate under syn-
thetic gauge fields, which simulate the integer quantum
hall effect. First of all we have seen the contribution of
the spin term in the ground state of the Hall effect. Then,
how in specific settings of the ground state the spin term
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FIG. 4. Transverse profile of the probability current densities for the four regimes studied in this work. Top-left: Non-
interacting gas (g = 0) at rest (E = 0), showing the perfect local cancellation of the spin (blue) and orbital (orange) shear
components, leaving a null total current (green) in the bulk. Top-right: Interacting gas (g = 50) at rest. The density flattening
weakens the spin term, breaking the cancellation and inducing a net bulk current. Bottom-left: Non-interacting gas under an
applied electric field (E = 0.5). The cancellation perfectly holds for the shear terms, exposing the macroscopic E⃗× B⃗ Hall drift.
Bottom-right: Interacting gas under an electric field, demonstrating the interplay between the classical Hall drift (shifted
peak) and the interaction-driven breakdown of the topological shielding (broadened profile).

sets off the orbital term to give a null total current. An
insight the simulations have shown, is how activating a re-
pulsive interaction between the components of the BEC
weakens the spin term, as a result a total contribution
arises. Finally, the simulations have proven that when
an electric field is activated, the bulk shifts in the field
direction, and a drift velocity appears in the E × B di-
rection, in accordance with classical Hall drift. For the
interacting regime, the current profile shows an intricate
combination of the field-induced shift and the interaction-
driven spin term weakening. These results not only re-
solve theoretical ambiguities posed by Pauli spin current
but also open new avenues for experimental observation.
The net bulk current predicted in the interacting regime
could be readily measured in ultracold-gas setups, offer-
ing a novel tool to probe quantum macroscopic transport
and topological properties in tunable quantum fluids. As
well as posing a prospective new method to measure the
interaction intensity g in these ultracold-gas experiments,

through the measurement of currents.
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Appendix A: From Dirac to Pauli equation

The Dirac Hamiltonian takes the compact form [8]

ĤDirac = c α⃗ · p̂+ β mc2, (A1)

in the representation where

α⃗ =

(
0 σ⃗
σ⃗ 0

)
. β =

(
1̂2×2 0

0 −1̂2×2

)
, (A2)

From Eq. (A1), and by writing the Dirac field in terms
of its two-component spinors [χϕ]T , one obtains the two
coupled equations of motion

iℏ ∂tχ = c σ⃗ · p⃗ ϕ+mc2 χ, (A3)
iℏ ∂tϕ = c σ⃗ · p⃗ χ−mc2 ϕ, (A4)

and the current density J⃗Dirac = c
(
χ† σ⃗ ϕ + ϕ† σ⃗ χ

)
. As-

suming energies near the rest mass E = E + mc2 and
E ≪ mc2, and solving in Eq. (A4) for the small compo-
nent

ϕ =
c σ⃗ · p⃗

E +mc2
χ ≈ σ⃗ · p⃗

2mc
χ. (A5)

one arrives, in the non-relativistic limit, at the time-
independent Pauli equation for the large component

E χ =
(σ⃗ · p⃗)2

2m
χ, (A6)

where Ĥ = (σ⃗ · p⃗)2/2m is the Pauli Hamiltonian.

Appendix B: Boundary Conditions and Momentum
Quantization

In the experimental setting, the space is finite, thus it
is helpful to apply periodic boundary conditions in order
to study the degeneracy of the allowed levels and safely
compute numerical derivatives. We consider a rectangu-
lar region of dimensions Lx × Ly. Because of our gauge
selection, the eigenstates behave as plane waves in the y-
direction. Hence, we apply periodic boundary conditions
along this axis, while imposing strict physical limits on
the x-direction. This can be summarized as:{

χ(x, y + Ly) = χ(x, y)

x ∈ [0, Lx].
(B1)

This effectively gives the spatial domain the topology of
a cylinder. Applying the periodic condition to the plane
wave part of our solution, eiky, yields:

exp{ik(y + Ly)} = exp{iky} =⇒ eikLy = 1. (B2)

This directly quantizes the momentum k:

k =
2πℓ

Ly
, with ℓ ∈ Z. (B3)

Now the values of momentum k are quantized. However,
from our theoretical framework, we know that the center
of the harmonic oscillator (xk) depends on k:

xk =
ℏk
qBz

− mEx

qB2
z

. (B4)

Since the system is confined (xk ∈ [0, Lx]), we cannot
displace the wave-function arbitrarily. This boundary
imposes cut-off values for the integer ℓ. Defining the
charge sign as ξ = sign(q) and the characteristic velocity
v0 = ωBℓB , we can rewrite xk algebraically as:

xk = ξ

[
ℓ2Bk − ℓB

vd
v0

]
= ξ

[
ℓ2B

2πℓ

Ly
− ℓB

vd
v0

]
. (B5)

Equating this to the boundaries of our spatial domain
gives the limits for ℓ. Setting xk = 0:

ξ

[
ℓ2B

2πℓ

Ly
− ℓB

vd
v0

]
= 0 =⇒ ℓ =

Ly

2πℓB

vd
v0
. (B6)

Setting xk = Lx:

ξ

[
ℓ2B

2πℓ

Ly
− ℓB

vd
v0

]
= Lx =⇒ ℓ =

Ly

2πℓB

(
ξ
Lx

ℓB
+
vd
v0

)
.

(B7)
Depending on the sign of the charge (ξ), these limits cor-
respond to either the maximum or the minimum allowed
integer. We can express ℓmin and ℓmax formally using
the floor function ⌊x⌋ (or integer part E(x)):

ℓmin =

⌊
Ly

2πℓB

[
vd
v0

+min

(
0, ξ

Lx

ℓB

)]⌋
, (B8)

ℓmax =

⌊
Ly

2πℓB

[
vd
v0

+max

(
0, ξ

Lx

ℓB

)]⌋
. (B9)

Note that ℓmin could be negative depending on the direc-
tion of the drift velocity vd. Thus, the allowed values for
the momentum k are strictly restricted to:

k =
2πℓ

Ly
with ℓ ∈ Z / ℓmin ≤ ℓ ≤ ℓmax. (B10)

With these limits, we can compute the total number of
allowed k-states (the degeneracy of the Landau level):

Ny = ℓmax − ℓmin ≈
⌊
LxLy

2πℓ2B

⌋
. (B11)

The analytical solutions obtained previously are still
valid, but with these new restrictions on k. Thanks
to this finite domain, the eigenstates are now square-
integrable and normalizable. Furthermore, this periodic
topology is what allows us to employ spectral methods
based on the Fast Fourier Transform (FFT) for our nu-
merical simulations. To prevent unphysical wrapping
artifacts in the confined x-direction (where the wave-
function at x = Lx could interact with x = 0 due to
the FFT periodicity), we embed the system in the soft-
wall potential Vwell introduced in the numerical results
section. This ensures the wave-function smoothly decays
to zero well before reaching the transverse boundaries.



7

Appendix C: Exact Cancellation of the Bulk
Current in the Ground State

1. Generic Pauli Current for Hall Eigenstates

To explicitly derive the probability current density
components presented in Eq. (9) from the general Pauli
definition in Eq. (3), we start with a generic stationary
eigenstate of the Hall system:

χn,σ,k(x, y) =

(
c↑
c↓

)
ψn,k(x)

eiky√
Ly

. (C1)

The probability density is purely dependent on the x-
coordinate, |χ|2 = |ψn,k(x)|2/Ly.
The Pauli current consists of an orbital term and a spin
term. The orbital contribution is given by:

Jorb =
1

m
Re
{
χ†(p̂− qA)χ

}
. (C2)

Applying the momentum operator p̂ = −iℏ∇, the x-
component yields a purely imaginary value, which van-
ishes upon taking the real part. For the y-component,
the derivative acts on the plane-wave phase eiky, pulling
down a factor of ℏk. Using the Landau gauge A =
(0, Bzx, 0), the orbital current naturally flows only in the
y-direction:

Jorb =
ℏk − qBzx

m
|χ|2ȷ̂. (C3)

The spin contribution to the current is defined as the curl
of the spin magnetization:

Jspin =
ℏ
2m

∇× (χ†σχ). (C4)

Since the state is an eigenstate of σz with eigenvalue
σ = ±1, the inner product simplifies to a vector pointing
purely in the z-direction: χ†σχ = σ|χ|2k̂. Computing
the curl of this vector field, where |χ|2 depends only on
x, yields:

∇× (σ|χ|2k̂) = −σ∂x(|χ|2)ȷ̂. (C5)

By noting that ∂x|χ|2 = |χ|2∂x ln |χ|2, we arrive at the
general spin current expression:

Jspin = −σ ℏ
2m

(∂x ln |χ|2)|χ|2ȷ̂. (C6)

Combining both terms and implicitly assuming the
charge sign in the cyclotron frequency definition, we re-
cover the generic Hall current of Eq. (9).

2. Exact Cancellation in the Ground State

To explicitly see the exact local cancellation of the bulk
current, we particularize this generic result to the ground
state (n = 0) and carefully track the charge sign q = ξ|q|,
with ξ = sgn(q) = ±1. We use the dimensionless shifted
coordinate x̃ = (x− xk)/ℓB , where ℓB =

√
ℏ/mωB .

For the lowest Landau level, the probability density is a
Gaussian:

|χ|2 ∝ exp
(
−x̃2

)
, (C7)

which implies ∂x ln |χ|2 = ∂x(−x̃2) = −2x̃/ℓB . The spin
current thus becomes:

Jspin = σ
ℏ

mℓB
x̃|χ|2ȷ̂. (C8)

For the orbital term, using |q|Bz = mωB = ℏ/ℓ2B (so
qBzx = ξ ℏ

ℓ2B
x), we rewrite the position as x = xk + ℓBx̃.

The orbital current becomes:

Jorb =
ℏ
m

[
k − ξ

xk
ℓ2B

− ξ
x̃

ℓB

]
|χ|2ȷ̂. (C9)

Adding both contributions, the total probability current
is:

Jtot =
ℏ
m

[
k − ξ

xk
ℓ2B

+
(σ − ξ)

ℓB
x̃

]
|χ|2ȷ̂. (C10)

We clearly see that the spatially varying, x̃-dependent
shear part cancels locally if and only if σ = ξ (i.e., the
spin polarization aligns with the sign of the charge). In
this case:

Jtot

∣∣∣
σ=ξ

=
ℏ
m

[
k − ξ

xk
ℓ2B

]
|χ|2ȷ̂. (C11)

Substituting the equilibrium position xk = ξℓ2B(k −
mEx/ℏBz) from Eq. (7), the momentum k exactly can-
cels out, reducing the net current purely to the macro-
scopic drift:

Jtot =
Ex

Bz
|χ|2ȷ̂ = vd|χ|2ȷ̂. (C12)

This confirms that the topological cancellation perfectly
shields the local density gradients, allowing the non-
interacting condensate to strictly follow the classical
E×B Hall drift.
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